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Abstract The Duffing oscillator is a commonmodel for nonlinear phenomena in science and engineering.
In this paper, we use the modified differential transform method to obtain the approximate solution
of a nonlinear Duffing oscillator with a damping effect under different initial conditions. Moreover, the
solutions of the nonlinear Duffing oscillator with the damping effect are obtained using the fourth-order
Runge–Kutta numerical solution. A comparison of the results show that for the same number of terms
the differential transform method (DTM) can only predict the solutions of a Duffing oscillator in a small
range of time domains, whereas the MDTM can predict the results in a whole range of time domains
accurately.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Duffing oscillators have received remarkable attention
in recent decades due to the variety of their engineering
applications, for example magneto-elastic mechanical sys-
tems [1], large amplitude oscillation of centrifugal governor
systems [2], nonlinear vibration of beams and plates [3,4]
and fluid flow induced vibration [5] modeled by the non-
linear Duffing equation. Surveying the literature shows that
a variety of solution methods have been developed so far
to solve the Duffing equation. Some researches have ap-
plied a variety of approximate methods to analyze different
types of conservative Duffing equation. The homotopy analysis
method [6], harmonic balancemethod [7], homotopy perturba-
tionmethod [8–10] frequency–amplitude formulation [11], en-
ergy balance method [12–14], max–min approach [15,16], cou-
pled homotopy-variational approach [17] and modified varia-
tional approach [18] have all been employed to solve the con-
servative Duffing equation. Some researchers in their studies
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doi:10.1016/j.scient.2013.02.023into the Duffing oscillator consider damping [19–23].When the
Duffing oscillator involves damping, the amplitude of oscilla-
tion reduces over time andwe have a non-conservative system.
Most analytical methods [11–18] are unable to handle non-
conservative oscillators. However recently, two new methods,
Laplace decomposition [24], and homotopy perturbation trans-
form [25], are introduced for the solution of nonlinear and non-
homogeneous differential equations which are capable of solv-
ing the non-conservative Duffing oscillator problem including
damping.
The differential transform is a semi-analytic and powerful
method for solving linear and nonlinear differential equations.
This method was first used in the engineering domain
by Zhou [26] to analyze electric circuits. This method has
been exerted to the boundary value problem [25], structural
dynamics [27,28], fluid flow problems [29–32] and so on [33–
36]. The differential transform solution diverges by using a
finite numbers of terms. To circumvent this problem the
modified differential transformmethod [37–41]was developed
by combining the DTM with the Laplace transform and Padé
approximant [42] which can successfully predict the solution
of differential equations with finite numbers of terms.
Our motivation in the present study is to obtain the solution
of the Duffing oscillator free response considering different
damping effects and with different initial conditions by the
modified differential transform method and comparing the
resultswith the results of a numerical solution using the fourth-
order Runge–Kutta method.
evier B.V. Open access under CC BY-NC-ND license.
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method.
Original function Transformed function
αu(t)± βv(t) αU(k)± βV (k)
u(t)v(t)
k
l=0 U(l)V (k− l)
u(t)v(t)w(t)
k
s=0
k−s
m=0 U(s)V (m)W (k− s−m)
dmu(t)
dtm
(k+m)!
k! U(k+m)
exp(t) 1k!
tm δ(k−m) =

1, k = m
0, k ≠ m .
2. Differential transformmethod [27–41]
Function x(t), analytical in domain G, can be represented by
a power series around any arbitrary point in this domain. The
differential transform of function x(t) is defined as follows:
X(k) = 1
k!

dkx(t)
dtk

t=0
. (1)
In Eq. (1), x(t) is the original function and X(k) is the
transformed function. The differential inverse transformof X(k)
is defined as
x(t) =
∞
k=0
X(k)tk. (2)
Combining Eqs. (1) and (2), we obtain the following equation
x(t) =
∞
k=0
tk
k!

dkx(t)
dtk

t=0
. (3)
In principal applications, function x(t) is shown by a finite
numbers of terms and Eq. (3) can be written as
x(t) =
N
k=0
X(k)tk. (4)
Somebasic transformation rules of the differential transform
method are tabulated in Table 1.
3. Application to the nonlinear Duffing oscillator with
damping effect
The Duffing oscillator equation considering the damping
effect with initial conditions is:
x¨+ αx˙+ βx+ γ x3 = 0, x(0) = A, x˙(0) = B. (5)
Taking the differential transform, the following recurrence
relation is obtained:
(k+ 2)(k+ 1)X(k+ 2)+ α(k+ 1)X(k+ 1)+ βX(k)
+ γ
k
s=0
k−s
m=0
X(s)X(m)X(k− s−m) = 0, (6)
X(0) = A, X(1) = B. (7)
The recursive equations deduced from Eq. (6) for different
values of k, are obtained as:
k = 0 : 2X(2)+ αX(1)+ βX(0)+ γ (X(0)3) = 0 (8)
k = 1 : 6X(3)+ 2αX(2)+ βX(1)+ γ (3X(0)2X(1)) = 0 (9)
k = 2 : 12X(4)+ 3αX(3)+ βX(2)
+ γ (3X(0)2X(2)+ 3X(0)X(1)2) = 0 (10)
. . . .Figure 1: The comparisons of the results of differential transform method and
fourth-order Runge–Kutta for Example 1.
The recursive relation in Eqs. (8)–(10) can be solved succes-
sively and then by taking the inverse differential transform x(t)
is obtained. Three case studies are given as examples. The first
case study includes low damping (periodic behavior), strong
nonlinearity and initial displacement. The second case study in-
cludes critical damping, strong nonlinearity and initial displace-
ment and the third case study is a combination of initial dis-
placement and velocity with periodic behavior. They are con-
sidered as follows:
Example 1.
α = 0.5, β = γ = 25, A = 0.1, B = 0. (11)
For the values given in Eq. (11), x(t) is obtained as follows:
x(t) = 0.1− 1.2625t2 + 0.2104t3 + 2.6828t4
− 0.5392t5 − 2.6563t6 + 0.6152t7. (12)
Figure 1 shows the comparison between the results obtained
using the DTM, Eq. (12), and the fourth-order Runge–Kutta
numerical method. It is clear that the results using the DTM
have reasonable agreement with the results obtained using the
fourth-order Runge–Kutta numerical method only in a small
range of the solution domain.
However, we can improve the accuracy of the differential
transform solution using the MDTM. We first apply the Laplace
transform to the series solution (Eq. (12)) as:
L[x(t)] = 0.1
s
− 2.525
s3
+ 1.2625
s4
+ 64.3875
s5
− 64.7031
s6
− 1912.5
s7
+ 3100.5
s8
. (13)
Using the concept of the MDTM [38] replacing s by 1/t ,
calculating the Padé approximant of [3/3] and [4/4] and letting
t = 1/s gives the following,
3
3

= 0.1s
2 + 0.05s+ 0.05
s3 + 0.5s2 + 25.75s (14)
4
4

= 0.1s
3 + 0.1667s2 + 22.834s+ 11.4208
s4 + 1.7s3 + 253.6s2 + 143.7s+ 5738.1 . (15)
Using the inverse Laplace transform to the Padé approxi-
mants of [3/3] and [4/4], Eqs. (14) and (15), we obtain the
MDTM solutions respectively as follows:
x(t) = 0.00194+ 0.000238e−0.25t(411 cos(5.068t)
+ 20.273 sin(5.068t)). (16)
x(t) = Ae((−0.60107−15.0816i)t) + Be((−0.60107+15.0816i)t)
+ Ce((−0.24894−5.0125i)t) + De((−0.24894+5.0125i)t) (17)
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where
A = 0.000016932− 0.00013567i,
B = 0.000016932+ 0.00013567i,
C = 0.049983+ 0.0025633i,
D = 0.049983+ 0.0025633i.
(18)
The real part of the solution obtained from the Padé
approximant of [4/4], Eq. (17), is written as:
Re(x(t)) = e−0.60107t(0.000033846 cos(15.0816t)
− 0.00027134 sin(15.0816t))
+ 0.099966e−0.24894t cos(5.0125t). (19)
Figure 2 shows the comparison between the MDTM results
obtained by the Padé approximant of [3/3] and [4/4] and the
results obtained using the fourth-order Runge–Kutta numerical
method. The MDTM results obtained by the Padé approximant
of [3/3] show some discrepancies in comparison to the
results obtained using the fourth-order Runge–Kutta numerical
method. However, it is clear that the real parts of MDTM results
obtained by the Padé approximant of [4/4] are in excellent
agreement with the results obtained using the fourth-order
Runge–Kutta numerical method.
Example 2.
α = 2, β = 1, γ = 25, A = 0.1, B = 0. (20)
For the values given in Eq. (20), x(t) is obtained as follows:
x(t) = 0.1− 0.0625t2 + 0.0417t3 − 0.0117t4
+ 0.001t5 − 0.00064t6 + 0.0011t7. (21)
Figure 3 shows the comparison between the results obtained
using the DTM, Eq. (21), and the fourth-order Runge–Kutta
numerical method. It is clear that the results using the DTM
have a reasonable agreement with the results obtained using
the fourth-order Runge–Kutta numericalmethodonly in a small
range of the solution domain.
However, we can improve the accuracy of the differential
transform solution using the MDTM. We first apply the Laplace
transform to the series solution (Eq. (21)) as:
L[x(t)] = 0.1
s
− 0.125
s3
+ 0.25
s4
− 0.2813
s5
+ 0.125
s6
− 0.4609
s7
+ 5.3906
s8
. (22)Figure 3: The comparisons of the results of differential transform method and
fourth-order Runge–Kutta for Example 2.
Using the concept of the MDTM [38] replacing s by 1/t then
calculating the Padé approximant of [3/3] and [4/4] and letting
t = 1/s gives the following:
3
3

= 0.1s
2 + 0.2s+ 0.05
s3 + 2s2 + 1.75s (23)
4
4

= 0.1s
3 + 0.6667s2 + 2.1083s+ 2.4833
s4 + 6.667s3 + 22.34s2 + 30.667s+ 14.0625 . (24)
Using the inverse Laplace transform to the Padé approxi-
mants of [3/3] and [4/4], Eqs. (23) and (24), we obtain the
MDTM solutions, respectively, as follows:
x(t) = 0.02857+ 0.02381e−t(3 cos(0.866t)
+ 3.4641 sin(0.866t)). (25)
x(t) = Ae((−2.20478−2.5007i)t) + Be((−2.20478−2.50075i)t)
+ Ce((−2.20478+2.50075i)t) + De−1.220616t
+ Ee−1.036532t , (26)
where
A = −0.00062896− 0.00046744i,
B = 0.00062896− 0.00046744i,
C = −0.00062896+ 0.00046744i,
D = −0.5425547, E = 0.6438127.
(27)
The real part of the solution obtained from the Padé
approximant of [4/4], Eq. (26), is written as:
Re(x(t)) = e−2.20478t(−0.00140232 sin(2.5007t)
− 0.00062896 cos(2.5007t))
− 0.5425547e−1.220616t
+ 0.6438127e−1.036532t . (28)
Figure 4 shows the comparison between the MDTM results
obtained by the Padé approximant of [3/3] and [4/4] and the
results obtained using the fourth-order Runge–Kutta numerical
method. The MDTM results obtained by the Padé approximant
of [3/3] shows some discrepancies in comparison to the
results obtained using the fourth-order Runge–Kutta numerical
method. However, it is clear that the real parts of MDTM results
obtained by the Padé approximant of [4/4] are in excellent
agreement with the results obtained using the fourth-order
Runge–Kutta numerical method.
Example 3.
α = 1, β = 20, γ = 2,
A = −0.2, B = 2. (29)
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Figure 5: The comparisons of the results of differential transform method and
fourth-order Runge–Kutta for Example 3.
For the values given in Eq. (29), x(t) is obtained as follows:
x(t) = −0.2+ 2t + 1.008t2 − 7.0826t3 + 0.4705t4
+ 6.5154t5 − 3.3023t6 + 0.73465t7. (30)
Figure 5 shows the comparison between the results obtained
using the DTM, Eq. (30), and the fourth-order Runge–Kutta
numerical method. It is clear that the results using the DTM
have reasonable agreement with the results obtained using the
fourth-order Runge–Kutta numerical method only in a small
range of the solution domain.
In the same manner as Examples 1 and 2, we apply the
Laplace transform to the series solution (Eq. (30)) as:
L[x(t)] = −0.2
s
+ 2
s2
+ 2.016
s3
− 42.4956
s4
+ 11.29176
s5
+ 781.8495
s6
− 2377.6556
s7
+ 3702.671
s8
. (31)
Using the concept of the MDTM [38] replacing s by 1/t then
calculating the Padé approximant of [3/3] and [4/4] and letting
t = 1/s gives the following:
3
3

= − 0.2s
2 − 0.52175s− 11.5409
s3 + 7.39125s2 + 26.2878s+ 124.9038 (32)
4
4

= − 0.2s
3 − 0.9946s2 + 25.6538s− 295.84025
s4 + 5.0268s3 + 188.6172s2 + 245.163s+ 3341.271 . (33)
Using the inverse Laplace transform to the Padé approxi-
mants of [3/3] and [4/4], Eqs. (32) and (33), we obtain the
MDTM solutions, respectively, as follows:
x(t) = 0.003101e−6.3493t
+ e−0.52098t(−0.203101 cos(4.4046t)
+ 0.434516 sin(4.4046t)). (34)
x(t) = Ae((−2.0169−12.6572i)t) + Be((−2.0169+12.6572i)t)
+ Ce((−0.4965−4.4826i)t) + De((−0.4965+4.4826i)t) (35)Figure 6: The comparisons of the results of modified differential transform
method and fourth-order Runge–Kutta for Example 3.
where
A = 0.0002265+ 0.00004807i,
B = 0.0002265− 0.00004807i,
C = −0.100226+ 0.21195i,
D = −0.100226− 0.21195i.
(36)
The real part of the solution obtained from the Padé
approximant of [4/4], Eq. (35), is written as:
Re(x(t)) = e−2.0169t(0.000453 cos(12.6572t)
+ 0.00009614 sin(12.6572t))
+ e−0.4965t(−0.200452 cos(4.4826t)
+ 0.4239 sin(4.4826t)). (37)
Figure 6 shows the comparison between the MDTM results
obtained by the Padé approximant of [3/3] and [4/4] and the
results obtained using the fourth-order Runge–Kutta numerical
method. The MDTM results obtained by Padé approximant
of [3/3] shows some discrepancies in comparison to the
results obtained using the fourth-order Runge–Kutta numerical
method. However, it is clear that the real parts of MDTM results
obtained by the Padé approximant of [4/4] are in excellent
agreement with the results obtained using the fourth-order
Runge–Kutta numerical method.
4. Conclusion
In the present study, the modified differential transform
method which was developed by combining the differential
transform method, Laplace transform and the Padé approxi-
mant was applied to determine an approximate solution for a
nonlinear Duffing oscillator with damping effect under differ-
ent initial conditions. A comparison of results with fourth-order
Runge–Kutta numerical solutions indicates the excellent accu-
racy of the solution. We conclude that the modified differential
transformmethod is an accurate tool in handling a nonlinear os-
cillator with a high level of accuracy in the entire domain, even
if the amplitude of oscillation reduces over time.
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